We disprove the conjecture that structural physical approximations to optimal entanglement witnesses are separable states. The conjecture holds true for extremal decomposable entanglement witnesses.
Few years ago authors of [1] posed the following conjecture: Structural Physical Approximations (SPA) to optimal positive maps are entanglement breaking channels. In the language of entanglement witnesses this conjecture may be reformulated as follows: Let W be a normalized (i.e. Tr W = 1) entanglement witness (EW) acting on a Hilbert space H = H A ⊗ H B of finite dimension D = d A × d B . Consider the following convex combination
i.e. [3] . Recently SPA conjecture has been disproved by Ha and Kye [4] , who have provided an example of an indencomposable optimal entanglement witness, whose structural physical approximation is entangled. The conjecture remains still open in the decomposable case (see recent discussion in [5] [6] [7] ). In the present paper we show that the SPA approximation to optimal decomposable witness may provide an entangled state. Let us recall that a Hermitian operator W acting in H A ⊗ H B is an EW iff i) ψ ⊗ φ|W |ψ ⊗ φ ≥ 0, and ii) W 0, i.e. W possesses at least one negative eigenvalue. The optimal witness is defined as follows: if W 1 and W 2 are two entanglement witnesses then following Ref. [8] we call
, where
denotes the set of all entangled states detected by W . Now, an EW W is optimal if there is no other witness that is finer than W . One proves [8] that W is optimal iff for any α > 0 and a positive operator P an operator W − αP is no longer an EW. Authors of [8] provided the following sufficient condition of optimality: for a give EW W define
where A, B ≥ 0 and B Γ denotes partial transposition of B. Clearly, if DEW W is optimal, then W = B Γ and B supported on a completely entangled subspace (CES) of H (a linear subspace Σ ⊂ H is called CES if there is no non-zero product vectors in Σ). Now, if DEW W is optimal, then
which shows that SPA for an optimal DEW is a PPT state (a state ρ is PPT if ρ Γ ≥ 0). SPA conjecture states that W (p * ) is not only PPT but also separable. Since in 2 ⊗ 2 and 2 ⊗ 3 all PPT states are separable, the SPA conjecture is trivially satisfied for qubit-qubit and qubit-qutrit systems. In general case separable states define only a proper subset of PPT states and hence one may have PPT states which are entangled. Now, we show that the SPA conjecture for optimal DEWs is not true. Consider the following family of bipartite Hermitian operators in
with
where P kl = |Ω kl Ω kl | denotes a set of rank-1 projectors with |Ω kl = I ⊗ W kl |Ω 00 and W kl is a Weyl operator defined by W kl |i = ω k(i−l) |i−l with ω = e 2πi /3.
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Finally, |Ω 00 = 1 √ 3 2 i=0 |ii denotes a maximally entangled state of two qutrits and γ is a real parameter. Hence B γ belongs to a class of Bell diagonal operators considered in [9] . One finds
Proposition 1 For each γ ∈ (0, 1) an operator W γ is an optimal entanglement witness.
Proof: let us consider a matrix form of W γ
where, to make the picture more transparent we replace zeros by dots. To prove that W γ is an entanglement witness it is enough to show that it has negative eigenvalue. Note that the following 3 × 3 sub-matrix
has exactly one negative eigenvalue. Actually, W γ has exactly one negative eigenvalue with 3-fold degeneracy. To show that W γ is optimal we prove that the corresponding set P Wγ spans
Note that for γ ∈ (0, 1) one has B γ ≥ 0 and hence it is clear that any such vector |x ⊗ y has to be orthogonal to |Ω 10 , |Ω 20 and |Ω 11 . Orthogonality to |Ω 10 and |Ω 20 gives
where a k = x k y k . These equations imply a 0 = a 1 = a 2 . Since the norm of |x ⊗ y does nor play any role
Finally, orthogonality to |Ω 11 implies
Hence product vectors |x ⊗ y = 2 i,j=0 (x i /x j ) |ij , where x i are constrained by (9) , satisfy (8) . It is clear that these vectors span 6-dimensional subspace in C 3 ⊗ C 3 . Now, |x ⊗ y * = 2 i,j=0 (x i /x * j ) |ij together with (9) , satisfy x ⊗ y * |W γ |x ⊗ y * = 0. Note that functions x i /x * j are linearly independent and eq. (9) does not introduce any additional constraint among them. Hence, vectors |x ⊗ y * span the entire 9-dimensional Hilbert space C 3 ⊗ C 3 which proves optimality of W γ .
2 As a byproduct we showed that 3-dimensional subspace spanned by {|Ω 10 , |Ω 20 , |Ω 11 } defines CES in C 3 ⊗ C 3 . Now, let us consider the SPA for W γ . To check for separability of W γ (p * ) we apply well known realignment criterion [10] . Numerical analysis shows that at least for some range of γ the state W γ (p * ) is entangled. Fig. 1 shows the plot of R(W γ (p * )) − 1. Recall, that if ||R(ρ)|| 1 > 1, then ρ is entangled.
Actually, in this case one can compute the realignment analytically (see the Appendix).
This way the SPA conjecture is finally disproved. Interestingly, as was already shown in [1] , the conjec- ture is true for a proper subset of optimal decomposable entanglement witnesses, i.e. witnesses of the of the form W = P Γ and P = |ψ ψ| with entangled |ψ .
To summarize: we have found a counterexample disproving SPA conjecture for optimal decomposable entanglement witnesses. The idea to use the family W γ comes from [9] where the Bell diagonal states with bound entanglement were considered.
